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a b s t r a c t
Let R be a ring with 1 andM a right R-module. ThenM is called E-module if HomZ(R,M) =
HomR(R,M). Thus all homomorphisms between the abelian groups RZ andMZ turn out to
be R-homogeneous. IfM = R, then R is called an E-ring. It is clear from the definition, that
the existence of E-modules requires that R be an E-ring and simple examples of E-rings
are all subrings of Q. These structures are studied for more than thirty years in relation to
questions concerning properties of modules, non-commutative groups and in the context
of algebraic topology, see Casacuberta et al. (2010) [3] and Göbel and Trlifaj (2006) [24].
Constructions of large classes of E-rings were given in Faticoni (1987) [13] and Dugas
et al. (1987) [9]; in a subsequent paper Dugas (1991) [6] showed the existence of large
E-modules over R. More recently (initiated by Eklof and Shelah (1999) [11]) absolute
algebraic structure came into the focus of studies see also Eklof and Mekler (2002)
[10, p. 487 ff.]. Their advantage is, that they are robust under changes of the universe as
explained in the introduction. We want to show the existence of absolute E-modules. On
one hand, from earlier work on absolute E-rings Herden and Shelah (2009) [25] it follows
that they must be smaller than κ(ω), which is the first ω-Erdős cardinal. Like measurable
cardinals, κ(ω) is a large cardinal and may not exist. On the other hand, for each infinite
cardinal λ an absolute E-ring of cardinality λ < κ(ω) exists, as shown in Göbel et al.
(2010) [22]. Given such an absolute E-ring R, then we want to construct an absolute E-
moduleM over R for any cardinality |R| ≤ |M| < κ(ω) and study the decompositions ofM .
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
Wewant to investigate E-rings and E-modules and their absolute behavior. E-rings appearedwhile studying rings Rwith
the property that their endomorphism ring EndZ R of the underlying additive structure is ring-isomorphic to R, see [31]. R
is an E-ring if the evaluation map EndZ R −→ R (σ → 1σ) is an isomorphism, or equivalently EndZ R ∼= R is commutative;
see [24, pp. 468, 469 Proposition 13.1.9]. Easy examples of E-rings are the 2ℵ0 subrings of Q. The class of E-rings was then
in the focus of many papers. Their algebraic properties were considered in fundamental works by Mader et al. [28–30] and
the existence of arbitrarily large E-rings was first shown by examples of rankℵ0 in Faticoni [13] (extended to ranks≤ 2ℵ0 in
[24, p. 471, Corollary 13.2.3]) and above 2ℵ0 (of cardinalityλℵ0 ) in [9] using Shelah’s Black Box as outlined in [4]. The existence
of E-rings contributes to algebraic topology (see [3] or explanations in [22]). Note that E-rings also have an impact on other
areas of algebra. They are useful for constructing nilpotent groups of class 2 (see [8]) and build the core for investigating
abelian groups with automorphism groups acting uniquely transitive, see [19–21]. Surveys and classical results on E-rings
can be found in [14,15,24,33]. Given an E-ring R, we can go further and consider E-modules M over R. Recall that M must
satisfy HomZ(R,M) = HomR(R,M), and further characterizations are given in Proposition 5.1. The proof of the existence of
E-modules over Rwas immediate after constructing E-rings, see [6].
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The second ingredient of this paper is the notion of absolute structures. Eklof and Shelah [11] studied the existence of
absolutely indecomposable abelian groups, which inspired further work on absolute results in algebra. Here a property of
a structure is called absolute if it is preserved under generic extensions of the given universe (of set theory), in particular it
is preserved under forcing; see the classical monograph by Levy [27] and [1, pp. 408–412] for absolute structures. The next
example illustrates the value of absolute structures. The following statement (1) is not absolute.
(1) A ≠ Z is an indecomposable abelian group and its subgroups of finite rank are free.
By Pontryagin’s theorem [16, Vol. 1, p. 93] it is obvious that A is ℵ1-free (i.e. all countable subgroups are free). But passing to
the Levy-collapse (see [26]), we find a universe in which A is countable, hence free and not any more indecomposable. This
shows that (1) is not an absolute statement.
It is essential to observe that the E-ring constructions in [9] (based on Shelah’s Black Box as elaborated in [4]) are not
absolute, because they are ℵ1-free and thus free after the Levy-collapse. So they are no longer E-rings. The E-modules in
[6,7] suffer the same consequences.
In order to study absolute E-modules, wemust take into account the restrictions given for E-rings. And surprisingly, there
is a precise cardinal bound κ(ω) for constructing absolute E-rings. Here κ(ω) denotes the first ω-Erdős cardinal defined in
Section 2. We note immediately that κ(ω) (like the first measurable cardinal ℵm) is a large inaccessible cardinal which may
not exist in any universe; see [26]. By Herden–Shelah [25] absolute E-rings of cardinality≥κ(ω) do not exist, thus the same
holds for E-modules. We want to show the converse and will establish Theorem 1.1 about the existence of E-modules for
all cardinals<κ(ω).
In order to study decompositions of E-modulesM over R at the same time, wewant to construct absolute E-modules over
R with prescribed R-endomorphism algebra EndR M ∼= A. Working first in the category of R-modules with distinguished
submodules and then passing to true R-modules we need a tool to define fully invariant submodules of M from R. Thus
recall that an R-algebra A is p-reduced if

n<ω p
nA = 0. The countably generated R-algebras A applied here and discussed in
[24, p. 587, Example 15.1.1., p. 588, Theorem 15.1.2, p. 594, Corollary 15.1.3] (and A = R) have free R-module structure.
Thus A is p-reduced if and only if R is p-reduced. We will require that R has a familyΠ4 of four distinct primes p such that R
is p-reduced, which is an immediate consequence of the construction of the absolute E-rings in [22]. Then we must extend
the notion of an E-ring and introduce E-morphisms; see Definition 3.3. It will follow that for suitable localizations R ⊆ R′
of rings the inclusion is an E-morphism; see Theorem 3.7, which extends the main result (Theorem 3.1 from [22]). Certain
absolute R-modules M from [18] have a desired prescribed R-endomorphism algebra A, and moreover M ⊗ R′ becomes a
free R′-module. Nowwe are ready to construct absolute E-modulesM over Rwith EndR M = A. Throughout we will assume
that
• (I) R is a commutative ring with a family Π4 of (at least) four distinct primes, and any R-algebra A under investigation
will be p-reduced for all p ∈ Π4.
• (II)We also assume for the construction of absolute E-rings R as in [22] that R is p-reduced for an infinite family of primes.
Under these assumptions we will get the following
Theorem 1.1. Let ℵ0 ≤ κ ≤ λ < κ(ω) be cardinals. Then there is an absolute E-ring R of cardinality κ satisfying (II) and if A be
any of the countably generated, free R-algebra, then we also find an absolute E-module M over R with EndR M = A, | R | = κ and
|M | = λ.
Thus (depending on the choice of A) M enjoys interesting decomposition properties, e.g. being indecomposable or
providing in this context counterexamples to Kaplansky’s test problem and there are several versions of Theorem 1.1 in
Section 5. So we get an ‘absolute answer’ to a question raised by Vinsonhaler (see [6]).
Our main result is Theorem 5.2 which extends Theorem 1.1.
The key for constructing E-modules in [7,6] is the following observation. It is also hidden in the final argument for proving
Theorem 1.1, but using a more effective form by taking tensor products to pass to free modules. Thus we do not need
restrictions as | R | < |M | and | R | = |M | is also permitted.
Observation 1.2. Let G be an abelian group with EndZ G = R an E-ring of cardinality κ . Suppose that all subgroups U of G of
cardinality |U | < κ are torsion-less (U ⊆ RI), then G is an E-module over R.
Proof. If σ : R −→ G is a Z-homomorphism, then we may assume Im(σ ) ⊆ ∏i∈I eiR by the hypothesis of the observation.
Let πj :∏i∈I eiR −→ ejR be the canonical projection and 1σ = m =∑i∈I eimi ∈∏i∈I eiR. If x ∈ R, then using that σπj is an
R-homomorphism (because R is an E-ring), we get that
(1x)σπj = (1x)(σπj) = (1σπj)x = ejmjx = (mx)πj holds for all i ∈ I.
Thus (1x)σ = mx and G is an E-module. 
This shows that E-modules G appear quite naturally, if we permit submodules U ⊆ RI . But for principal ideal domains R
a theorem from Baer–Specker implies that G is ℵ1-free (see [16, Vol. 1, p. 94]) and this by (1) prevents G being an absolute
E-ring. So we must argue differently, indeed.
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Our proof will be based on two previous results about absolute E-rings [22] and the existence of modules with absolute
endomorphism rings in [18]. An analysis of the algebraic part of the rings R in [22] will show that for any R-modules M
follows HomZ(R/Z,M) = 0 which is essential for E-modules.
The new method for constructing E-modules differs from those described above and in the references. For example, the
construction in [6] (which does not provide any absolute E-modules at all) – due to the Black Box – also does not lead to
E-modules of cardinalities cofinal to ω. However, Theorem 1.1 answers for all infinite cardinals<κ(ω). In Theorem 5.2 we
explain how to extend this result to rigid families of (absolute) E-modules.
Some absolute proofs for other categories of modules, trees and graphs can be seen in [23,18,32,5]. In these cases
it also follows that the upper bound κ(ω) is sharp. However, it is still an open problem, if for the family of absolutely
indecomposable abelian groups the upper bound can be larger than κ(ω), see also [11]. The strategy for the construction of
absolute E-rings utilizes the existence of absolutely rigid, colored trees from [32], which we will describe in Section 2. For
the existence of these E-rings themain result in [32] firstmust be strengthened and also the existence of absolute E-modules
will depend on [32]. This will be discussed in the next section.
2. Absolutely rigid trees and absolute E-rings
2.1. Shelah’s absolutely rigid, colored trees
We first recall amain result from [32] on better quasi-orders whichwas strengthened in [22] and then applied to E-rings.
Let κ(ω) denote the first ω-Erdős cardinal. This is defined as the smallest cardinal κ such that κ → (ω)<ω holds, i.e. for
every function f from the finite subsets of κ to 2 there exists an infinite subset X ⊂ κ and a function g : ω → 2 such that
f (Y ) = g(|Y |) for all finite subsets Y of X .
If λ is any cardinal< κ(ω), then let
T = ω>λ = {f : n −→ λ : with n < ω and n = Dom f }
be the tree of all finite sequences f (of length lg f = n) in λ. Since n = {0, . . . , n − 1} as ordinal, we also identify f =
f (0)∧f (1)∧ . . . ∧f (n− 1). By restriction g = f m for anym ≤ nwe obtain all initial segments of f . We will write g ▹ f . Thus
g ⊆ f as graphs ⇐⇒ g ▹ f .
A subtree T ′ of T is a non-empty subset which is closed under initial segments. Hence the root ⊥ belongs to T ′. A
homomorphism between two subtrees T1, T2 of T is a map ϕ : T1 → T2 (η → ϕ(η)) that preserves levels and initial
segments, i.e. lg η = lgϕ(η) and ϕ(ν)▹ϕ(η) for all ν ▹η ∈ T1. (Note that a homomorphism does not need to be injective or
preserve 6.) If T ′ goes along with a coloring map c : T ′ −→ ω (η → c(η))we call T ′ an ω-colored (or just a colored) tree
and write (T ′, c). Now, Hom((T1, c1), (T2, c2)) will denote the homomorphisms ϕ between two such colored trees which
are ordinary tree homomorphisms ϕ : T1 → T2 that in addition preserve colors, i.e. c2(ϕ(η)) = c1(η) for all η ∈ T1. Shelah
[32] showed the existence of an absolutely rigid family of 2λ colored subtrees of T = ω>λ.
Theorem 2.1. If λ < κ(ω) is infinite and T = ω>λ, then there is a family (T ′α , cα) (α < 2λ) of ω-colored subtrees of T ′λ (of
cardinality λ) such that for α, β < 2λ and in any generic extension of the universe the following holds.
Hom((T ′α , cα), (T
′
β , cβ)) ≠ ∅ =⇒ α = β.
Remark 2.2. Such a family of colored trees (Tα, cα) (α < 2λ) is called an absolutely rigid family of trees of cardinality λ.
2.2. Strongly rigid, colored trees
For any α < 2λ as in Section 2.1 we can find a subtree Tα ⊆ T (from Theorem 2.1), and a particularly ‘closed
subset’ T ∗α ⊆ Tα and a coloring cα , such that (T ∗α , Tα, cα) strengthens Theorem 2.1 replacing homomorphisms by partial
homomorphisms. The precise choice of T ∗α can be found in [22, Section 2.2]. Then the following holds.
Theorem 2.3 ([22, Theorem 2.8]). If (T ∗α , Tα, cα) (α < 2λ) is as above, α ≠ β < 2λ and λ < κ(ω), then there is no color
preserving partial tree homomorphism T ∗α −→ Tβ in any generic extension of the universe.
3. The absolute E-rings
Now we are ready to define the families of absolute E-rings. Let λ < κ(ω) be a fixed infinite cardinal and enumerate by
Π = {pnki, qnki | n, k, i < ω} some of the primes of Z without repetition. If M is a torsion-free abelian group, p ∈ Π and
a ∈ M , then let p−∞a be the unique family of elements {p−na | n < ω} ⊆ Q⊗M . Moreover, let p∞M = n<ω pnM be the
first Ulm subgroup ofM .
Decompose λ =
·
n<ωUn into equipotent subsets Un of cardinality λ, write U<n =

i<n Ui and constitute a chain
{Xn | n < ω} with the help of some of the absolute trees Tα ⊆ ω>λ (α < 2λ) given by Theorem 2.3. Let Xn be the family of
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free variables
{xγ , xαη | γ < λ, α ∈ U<n, η ∈ Tα \ {⊥}} for all n < ω and X =

n<ω
Xn.
Note that X0 = {xγ | γ < λ} (because U<0 = ∅).
We define a ring R inductively by Rn ⊆ Q[Xn] for each n < ω and let R =n<ω Rn. Let R0 = Z[X0] be the polynomial ring
with integer coefficients in λ commuting variables. Given Rn, we will choose an enumerationRn = {rαn | α ∈ Un} (without
repetition) of all polynomials from Rn \ {0} to define Rn+1. Let xα⊥ := rαn ∈ Rn and put
Rn+1 = ⟨Rn, p−∞nki xαη, q−∞nki (xαη − xαν) | α ∈ Un, η ∈ Tα \ {⊥}, i, k < ω⟩ ⊆ Q[Xn+1]
subject to the conditions
cα(η) = i, lg η = k+ 1, η  k = ν,
where ⟨S⟩ denotes the ring generated by the set S.
Hence Rn+1 is generated as a ring by the set
{R0, p−∞mki xαη, q−∞mki (xαη − xαν) | α ∈ Um, η ∈ Tα \ {⊥}, m ≤ n, and i, k < ω}
with the restrictions of the last display.
The ring R is situated between the polynomial rings Z[X] and Q[X]. In [22] we proved the following
Main Theorem 3.1. If λ is any infinite cardinal, then R is an E-ring of cardinality λ. For λ < κ(ω), this ring is also an absolute
E-ring. Moreover Z[X] ⊆ R ⊆ Q[X] with X a family of λ commuting free variables.
The Main Theorem 3.1 can easily be extended to a family of rigid E-rings.
Corollary 3.2 ([22, Corollary 5.2]). If λ is any infinite cardinal< κ(ω) , then there is an absolutely rigid family {Ri | i < 2λ} of
absolute E-rings of cardinality λ. If HomZ(R+i , R
+
j ) ≠ 0 (i, j < 2λ) in some generic extensions of the given universe, then i = j;
i.e. {Ri | i < 2λ} is an absolutely rigid family of rings.
In order to apply the main results from [22] in Section 5 we must extend Schultz’ [31] notion of E-rings and strengthen
Theorem 3.1.
Definition 3.3. An E-(ring homo)morphism is a ring homomorphism α : R −→ R′ such that for all Z-homomorphisms
ϕ : R −→ R′ there is a unique ϕ′ ∈ End(R′)with αϕ′ = ϕ, i.e.
R
α /
ϕ

R′
∃!ϕ′~
R′.
This notion is a localization (of abelian groups) as introduced in [12] and discussed in [3] (and in many references given
there for applications in algebraic topology).
If R is a ring and r ∈ R, then let r∗ : R −→ R (x → xr) denote scalar multiplication by r . If α is inclusion, then by the
uniqueness of ϕ′ it follows that ϕ′ = (1ϕ)∗ and both rings R and R′ are localizations of Z, i.e. E-rings and thus commutative.
So we will construct localizations of absolute E-rings which are also absolute E-rings.
Given an absolute E-ring R from Theorem 3.1 which is based on the familyΠ of primes, then let π∗ be some finite family
of primes disjoint to Π . Using the slightly extended notion from above we let π−∞∗ Z be the subring of Q generated by
{p−1 | p ∈ π∗} (sometimes denoted by Z(π∗)).
The key for proving Theorem 3.1 in [22] is the following proposition. Here we let (Rr)∗ be the purification of the principal
ideal Rr of R.
Proposition 3.4 ([22, Theorem 4.1]). If ϕ ∈ EndZ R and r ∈ R, then rϕ ∈ (Rr)∗.
Inspecting the details of the proof in [22], we derive the following slight extension of Proposition 3.4.
Corollary 3.5. Let Π, π∗ be two families of primes and R be the ring (constructed above) and based on Π . If R′ = R ⊗ π−∞∗ Z,
ϕ ∈ HomZ(R, R′) and r ∈ R, then rϕ ∈ (R′r)∗.
Next we state an easy extension of Lemma 5.1 from [22]; a similar argument as in the proof of Lemma 3.6 is also used in
the proof by Buckner and Dugas [2, Theorem 5].
Lemma 3.6. Let R be a subring of Q and ϕ ∈ EndZ R[X] (a Z-endomorphism) with
f ϕ ∈ R[X] ·f for all f ∈ R[X],
then there is g ∈ R[X] such that ϕ = g · id.
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Here id denotes the identity map on R[X].
For convenience of the reader we also include its short proof.
Proof. By hypothesis on ϕ we find for each f ∈ R[X] an element
gf ∈ R[X] such that f ϕ = f · gf .
If m ∈ ⟨X⟩ is a monomial and x ∈ X , then mϕ = m · gm = m(x) · gm(x) and (xm)ϕ = xm · gxm = x · m(x) · gxm(x)
seen as functions g(x) depending on x. Now we fix r ∈ R and use EndZ R[X]+ = EndR R[X]+ to compute (rm − xm)ϕ =
r ·mϕ − (xm)ϕ = r ·m(x) · gm(x)− x ·m(x) · gxm(x), while by hypothesis also (rm− xm)ϕ = (rm− xm) · grm−xm(x) holds.
Thus
(rm− xm) · grm−xm(x) = r ·m(x) · gm(x)− x ·m(x) · gxm(x).
We now substitute x := r into this polynomial equation and get
0 = r ·m(r) · gm(r)− r ·m(r) · gxm(r) (3.1)
which holds for all r ∈ R. If r ≠ 0 also rm(r) is a non-zero element of the integral domain R[X], so (3.1) gives
gm(r) = gxm(r) for all 0 ≠ r ∈ R.
If h(x) = gm(x)−gxm(x) and 0 ≠ r ∈ R, then h(r) = 0 and h(x) = h(x)−h(r) = (x−r)h1(x) for some polynomial h1 ∈ R[X].
Thus the coprime polynomials (x − r) (for r ∈ R \ {0}) are factors of h. This is only possible if h = 0 because R is infinite.
Hence the polynomial gm and gxm must be equal.
We apply this recursively for all monomialsm ∈ ⟨X⟩ to get gm = g1 for allm ∈ ⟨X⟩, and it is now clear (by linearity) that
also gf = g1 for all 0 ≠ f ∈ R[X]. We conclude ϕ = g1 · id. 
Now we are ready to prove the following extension of Theorem 3.1.
Theorem 3.7. Let R be an absolute E-ring from Theorem 3.1 based on the family of primes Π , π∗ be a finite disjoint family of
primes and R′ = R⊗ π−∞∗ Z, then the inclusion R ⊆ R′ is an E-morphism.
Note that π∗ = ∅ is the old Theorem 3.1.
Proof. If ϕ ∈ HomZ(R, R′), then ϕ can be lifted to a group endomorphism of Q[X]+ and satisfies by Corollary 3.5 the
hypothesis of Lemma 3.6. Thus ϕ = g · id for some polynomial g ∈ Q[X]. However 1ϕ = g ∈ R′, which completes the
proof. 
4. Modules with absolute endomorphism rings
The final input is R-modules (with R a domain) with absolutely rigid prescribed endomorphism R-algebras. We will pass
from the category of R-modules with six distinguished submodules to R-modules.
Let M = (M,M0,M1,M2,M3,M4,M5) denote any R-module with six distinguished submodules. Thus EndR M is the
R-subalgebra of EndR M of all endomorphisms which leaveM i invariant for all i < 6. Moreover, let
Hom(M,M′) = {σ ∈ Hom(M,M ′) | M iσ ⊆ M ′i for all i < 6}.
Based on the existence of absolutely, rigid trees from [32] we get from [18] the following result.
Theorem 4.1. Let λ < κ(ω) be any infinite cardinal, R a domain and A be a countably generated free R-algebra which satisfy (I)
and (II) from Section 1. Then there exists a family of free right A6-modules
MU = (MU ,M0U ,M1U ,M2U ,M3U ,M4U ,M5U) (U ⊆ λ),
where M,M jU ,M/M
j
U are free A-modules of rank λ for all j < 6 such that
HomR(MU ,MV ) =

A, if U ⊆ V
0, if U ⊈ V
holds absolutely.
In this case we say that {MU | (U ⊆ λ)} is an absolutely A-rigid family of modules. Let Π4 be the reserved family of four
distinct primes of R such that R is p-reduced for any p ∈ Π4. This leads to
Corollary 4.2. Suppose R is an absolute E-ring and A a countably generated free R-algebra A satisfying (I) (forΠ4) and λ is any
infinite cardinal < κ(ω). Then there exists an absolutely A-rigid family of A-modules MU (U ⊆ λ) of cardinality λ. Moreover,
each MU is p-reduced for all primes p /∈ Π4 such that R is p-reduced.
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Proof. Recall that π∗ = Π4 is the set of four primes from Corollary 4.2 which is disjoint from the infinite setΠ of primes.
We want to apply Theorem 4.1 for the ring R′ = π−∞∗ Z⊗ R.
Consider six distinct pairs (pi, qi) (i < 6) of primes pi, qi ∈ π∗. UsingMU from Theorem 4.1 we now define
MU = ⟨MU , p−∞i q−∞i M iU | i < 6⟩ for all U ⊆ λ.
If ϕ : MU −→ MV and U, V ⊆ λ, then is clear that p−∞i q−∞i M iUϕ ⊆ p−∞i q−∞i M iV by the divisibility conditions, i.e. each
p−∞i q
−∞
i M
i
U is fully invariant in this slightly extended sense. The homomorphism ϕ extends uniquely to an homomorphism
Φ : MU ⊗ R′ −→ MV ⊗ R′ of the corresponding R′-modules, and maps the R′-submodule M iU ⊗ R′ into M iV ⊗ R′. From
Theorem 4.1 it follows thatΦ ∈ A⊗ R′, henceΦ = aq−1 for q a product of primes from π∗.
Recall that A is p-reduced if and only if R is p-reduced. Since π∗ is a set of distinct primes, we can find b ∈ MU such that
bA is p-pure for all p ∈ π∗. From bϕ = bΦ = baq−1 ∈ bA follows that q is not divisible by any p ∈ π∗. Thus aq−1 ∈ A and
also ϕ ∈ A.
If U ⊆ V , then ϕ = a∗ and Hom(MU ,MV ) ⊆ A follows. If U ⊈ V , then we can choose b ∈ U \ V and bϕ = ba ∈ MV is
only possible if a = 0. Thus ϕ = a∗ = 0 and Hom(MU ,MV ) = 0 follows. 
5. The existence of absolute E-modules
Similar to E-rings (see [24, pp. 468, 469, Proposition 13.1.9]) we can characterize E-modules.
Proposition 5.1. For an R-module M are equivalent.
(i) M is an E-module.
(ii) Every Z-homomorphism R −→ M is an R-homomorphism.
(iii) Any Z-homomorphism σ : R −→ M is uniquely determined by σ Z.
(iv) HomZ(R/Z,M) = 0.
Proof. Consider any σ : R −→ M with 1σ = m, σ ′ : R −→ M (r → mr) and let ϕ = σ − σ ′. Hence 1ϕ = 1σ − 1σ ′ =
m − m = 0 and ϕ induces ϕ : R/Z −→ M (r + Z → mr), thus ϕ ∈ HomZ(R/Z,M). Hence the above equivalences are
immediate. 
From Proposition 5.1 it is immediate, that a commutative ring R is an E-ring if and only if HomZ(R/Z, R) = 0. From this
it is also clear that E-modules over R require R to be an E-ring.
Next we combine the preliminary results and analyze Hom(R/Z,M) with R from Section 3 and M from Section 4. By
Theorem3.7wehave an E-morphismR ⊆ R′ for any ringR (fromTheorem3.1) andπ∗ disjoint toΠ . ThusHomZ(R/Z, R′) = 0
(fromProposition 5.1) andwemust deriveHomZ(R/Z,M) = 0 for a suitableR-moduleM; and this can be arranged enlarging
the ring R.
Let π∗ = {p0, p1, p2, p3} be the family (Π4) of primes given in the proof of Corollary 4.2. We also assume that these
primes are distinct from the primes of the infinite set Π used in the proof for the existence of an absolute E-ring R in the
Main Theorem 3.1 and put R′ = R⊗ π−∞∗ Z.
From the construction of MU (U ⊆ λ) in the proof of Corollary 4.2 we see that MU ⊗ π−∞∗ Z is a free R′-module and we
finally consider all the projections
π : MU ⊗ π−∞∗ Z −→ R′
into the summands R′. From Theorem 3.7 – as noted above – follows HomZ(R/Z,MU ⊗ R′) = 0 and from MU ⊆ MU ⊗ R′
also follows HomZ(R/Z,M) = 0. Thus MU (U ⊆ λ) is a family of absolutely A-rigid E-modules of cardinality λ. This shows
the following
Main Theorem 5.2. If ℵ0 ≤ κ ≤ λ < κ(ω) are cardinals, then there is an absolute E-ring R (which is a domain) of cardinality
| R | = κ . And if A is any countably generated, free R-algebra satisfying (I), (II), then there is also an absolute family MU (U ⊆ λ)
of A-rigid E-modules over R with |MU | = λ for all U ⊆ λ.
If we choose for A in Theorem 5.2 any of the R-algebras A (with AR free) in [24, p. 587, Example 15.1.1., p. 588, Theorem
15.1.2, p. 594, Corollary 15.1.3], and A = R, then we get R-modulesMλ = M with the following properties.
Corollary 5.3. Let q be a fixed positive integer. Ifℵ0 ≤ κ ≤ λ < κ(ω) and R is the absolute E-ring from Theorem 5.2 of cardinality
κ , then the following absolute E-modules M over R of cardinality λ exist.
(i) M is an indecomposable R-module.
(ii) M is a superdecomposable R-module, i.e. M has no indecomposable, non-trivial summands.
(iii) If r, s are natural numbers, then direct products Mr ∼= Ms are isomorphic if and only if r ≡ s mod q.
Remark. A non-absolute version of Corollary 5.3(ii) can be found in [17].
The argument for the Main Theorem 5.2 can be extended to an axiomatic approach giving the following result for many
absolute E-rings R. This can be applied in particular to the absolute E-rings mentioned in Theorem 3.1.
Theorem 5.4. Let R be an absolute E-ring which is also a domain and permits a family π∗ of at least four distinct primes such
that R is p-reduced for all p ∈ π∗ and let A be a countable R-algebra with free R-module AR. If | R | ≤ λ < κ(ω), then there is an
absolute family MU(U ⊆ λ) of A-rigid E-modules over R with | R | = κ and |MU | = λ for all U ⊆ λ.
The proof of the last theorem is obvious by the arguments for Theorem 5.2 and left to the reader.
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